ON GRADINGS IN KHOVANOV HOMOLOGY AND SUTURED FLOER 

HOMOLOGY 
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Abstract. We discuss generalizations of Ozsvath-Szabo's spectral sequence relating 
Khovanov homology and Heegaard Floer homology, focusing attention on an explicit rela- 
tionship between natural Z (resp., |Z) gradings appearing in the two theories. These two 
gradings have simple representation-theoretic (resp., geometric) interpretations, which 
we also review. 



1. Introduction 

The Ozsvath-Szabo spectral sequence relating Khovanov homology [IT] and Heegaard- 
Floer homology [M] has inspired an abundance of work in these and related fields (see, e.g., 

0, m, na, m\, ®, 0, ®, 0, m, ins, 0), yielding a PP hca- 

tions in areas as disparate as contact geometry [3J and Dehn surgery [37]. A particularly 
stunning result with roots in the circle of ideas found in |26j is Kronheimer-Mrowka's proof 
that Khovanov homology detects the unknot 20 . 

The Ozsvath-Szabo spectral sequence has been extended, by L. Roberts in [33] and 
the authors in [5] [5] , to yield a relationship between the "sutured" versions of Khovanov 
homology [TJ Q15] and Heegaard Floer homology [2] one naturally associates to tangles in 
certain simple sutured manifolds. Applying Gabai's sutured manifold technology [7 to these 
homology theories, an idea pioneered by Juhasz [15] . reveals that the Ozsvath-Szabo spectral 
sequence exhibits a great deal more algebraic structure than originally believed. See |10j as 
well as [S] H] for more details. 

Our goal in this short note is to establish an explicit relationship between certain natural 
gradings appearing in Khovanov homology and sutured Heegaard-Floer homology. This 
relationship is already hinted at in the work of Plamenevskaya [28j and implicit in the 
work of L. Roberts |32j . Our motivation here is simply to provide an easily-digestible 
account, complete with the appropriate representation-theoretic and geometric context, for 
the benefit of the Khovanov and Heegaard-Floer communities, for whom the result appears 
to be of independent interest. 
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" 1 " resolution 



"0" resolution 



Figure 1. Replacing a crossing with a "0" or "1" resolution 

2. Background on Ozsvath-Szabo spectral sequence 

Let L C S 3 be a link, LcS 3 its mirror, and Y a closed, connected, oriented 3-manifold. 
In what follows, Kh(L) will denote the reduced Khovanov homology of L, defined in [TB], and 
HF(Y) will denote the (hat version of) the Heegaard-Floer homology of Y, defined in |24) . 
Furthermore, if (B, dB) C (X, dX) is a properly-imbedded codimension 2 submanifold of a 
manifold X, then B) will denote the double-branched cover of X, branched over B, and 
B will denote its preimage, p~ 1 (B), under the covering map p : £(X, B) — s- X. Throughout 
the paper, all Khovanov and Heegaard-Floer homology theories will be considered with 
F = Z/2Z coefficients. Ozsvath-Szabo proved: 

Theorem 2.1. |26l Thm. 1.1] Let LcS 3 be a link. There is a spectral sequence whose E 2 
term is Kh(€) and whose E°° term is HF(~E(S 3 , L)). 

Sketch of Proof. Ozsvath-Szabo built this spectral sequence by constructing a Floer-theoretic 
"cube of resolutions" complex for HF(£(S 3 , L)) that looks very much like the chain complex 
used to define the reduced Khovanov homology of L. 

More precisely, recall that if we are given an n-crossing diagram for a link LcS* 3 
with crossings labeled Ci, . . . ,C n along with a marked point z C (L — (JlLi we can 

construct a chain complex computing Kh(L) by the following procedure (see [TTJ HI HH] for 
more details). 

(1) Associate to each of the 2™ vertices of an n-dimensional cube a so-called "complete 
resolution" of the diagram. Specifically, the vertices can be put in one-to-one cor- 
respondence with the elements of {0, 1}"; to vertex X £ {0, 1}" we then associate 
the resolved diagram whose crossings have been replaced by "0" and "1" resolutions 
(see Figure [I]) according to the prescription X. 

(2) Apply Khovanov's (1+1) -dimensional TQFT to this cube. This replaces the re- 
solved diagram at vertex X with the graded vector space V m , where V = F_i © Fi 
(the subscripts correspond to the grading) and k is the number of unmarked compo- 
nents in the resolved diagram at X. To the edges of the cube, Khovanov associates 
linear "multiplication" and "comultiplication" maps. 

(3) This data defines a bigraded chain complex whose underlying vector space is the 
direct sum of all of the vector spaces at the vertices of the cube and whose differential 
is the sum of the linear maps along the edges of the cube. The homology of this 
chain complex is a link invariant. 
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On the Heegaard-Floer side, Ozsvath-Szabo had previously proved the existence of an 
exact sequence associated to a framed knot K in a closed, connected, oriented 3-manifold 
Y [221 Thm. 9.12]. Namely, there is a long exact sequence relating the triple 

{HF(K^),HF(K X ),HF(K X+Ijt )}, 

where fj, denotes the meridian of K in Y, A denotes the framing on K, and K a denotes the 
3-manifold obtained by doing a-surgery on K C Y for a — fi, A, A + fi. Ozsvath-Szabo's 
crucial observation is that the branched double cover of the 3-ball neighborhood N(Ci) 
of each crossing Ci, branched along L n N(Ci), is a solid torus, i.e., the neighborhood of 
a framed knot Ki C S(S' 3 ,L). Furthermore, replacing the crossing by the two different 
resolutions corresponds, in S(S' 3 , L), to performing alternate Dchn surgeries on Ki, yielding 
the two other 3-manifolds related to £(<S 3 , L) in the long exact sequence for Ki. 

Thus one can can compute HF(£(S 3 , L)) using a filtered chain complex constructed as 
an iterated mapping cone associated to the link ifjU.-.U K n C S(S' 3 , L) obtained by 
taking the preimage of the (neighborhoods of the) crossings C\, . . . , C n , More precisely, the 
existence of the long exact sequence for each Ki allows one to replace (up to homotopy) any 
chain complex CF(E(S 3 ,L)) computing HF(E(S 3 , L)) with the mapping cone of a chain 
map 

h : gF(S(5 3 ,L 0iOO ,... :OO )) -> CF(S(5 3 ,L 1i00 ,... i00 )) 

where Lo )0 o, ...,«> (resp., Li )0O) ... j0o ) represents the link obtained from L by replacing the 
crossing C\ by its O-resolution (resp., its 1-resolution). Recall that the mapping cone of 
a chain map / : C — > C between chain complexes C and C is the chain complex with 
underlying vector space C ®C'{— 1} and differential, D, given by the sum of the internal 
differentials dc, dc 1 an d the chain map /: 

d c 

Iterating this process over all crossings, one obtains a cube of resolutions similar to the 
Khovanov cube described above (in particular, the vertices and edge maps can be seen 
to agree). However, there are additional higher-order differentials mapping along higher- 
dimensional faces of the cube. These arise, at least in part, because each of the three 
Heegaard-Floer chain complexes in the long exact sequence for a knot is only chain ho- 
motopic (not chain isomorphic) to the mapping cone of the chain map between the other 
two. 

The filtered chain complex computing HF(H(S 3 , L)), described above, can be constructed 
explicitly using a so-called Heegaard multi- diagram. To understand this, recall that, given a 
closed, connected, oriented 3-manifold Y, one defines a chain complex computing HF(Y) 
using the data of a generic self-indexing Morse decomposition of Y with a single critical 
point of index and a single critical point of index 3. This yields a decomposition 

y = n a U -Hp 

of Y into two solid handlebodies T~L a and Hp. One can then choose a corresponding pointed 
Heegaard diagram (S ff , a, /3, z), where 

• E s is a genus g Heegaard surface, 

• a = {ai, . . . , a g } (resp., (3 — {/3i, . . . , /3 g }) is a choice of g circles in S ff , linearly- 
independent in Hi(T, g ;J.), bounding a full set of compressing disks in H a (resp., 
Hp), and 
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• z G S s is a marked point in the complement of a U /3. 

After picking a generic complex structure on E g (see Sec. 3]) and ensuring that the 
Heegaard diagram satisfies some additional technical assumptions (see [Ml Sec. 4]), one 
then defines a chain complex from the data (S 9 , a, (3, z), whose 

• generators are given by intersection points 

T Q n J/3 = (c*i x . . . x a g ) n (/3i x . . . x fi g ) c Sym 9 (T, g ), 

where Sym 9 (E g ) := ^ Xg /S g is the space of unordered g-tuples of points in S 3 , 
endowed with a nearly symmetric almost-complex structure, and 

• differential is given by counting certain holomorphic maps of the disk into Sym 9 (S„). 

Now, if we have the data of a framed link (L = K\ U . . . U K n ) C Y, we can construct a 
Heegaard multi-diagram compatible with L (and a corresponding filtered chain complex) by 
choosing 

• a bouquet, B^, for L [27, Defn. 4.1] and 

• a self-indexing Morse function for Y — N(Bl) with a single index critical point 
and no index 3 critical points. 

This specifies an "unbalanced" Heegaard decomposition of Y — N(Bl) which can be 
completed to a balanced Heegaard decomposition (and corresponding diagram) for any 
closed 3-manifold obtained by Dehn filling L, just by appending the appropriate list of 
Dehn-filling curves /3 9 __„ + i, . . . , (3 g to the list {/3i, . . . , fl g - n } specifying Y — N{Bl). A 
Heegaard multi-diagram a, f3 v , z) compatible with a set T> of Dehn fillings of a link, 
L CY, then simultaneously encodes the data of a Heegaard diagram for all Dehn fillings in 
T>. In other words, one specifies a g-tuple, (3 dl of f3 curves for each choice d € V, with the 
stipulation that . . . ,(3 g _ n } agree for all (3 d , as described above. In the case of interest 

to us, Y = S(5' 3 ,L), N(L) = \S =1 N(C^, and V = {0,1}". The corresponding filtered 
chain complex has 

• generators given by the intersection points in {J deT , T Q (1 T^ d 

• differential given by counting certain holomorphic polygons in Sym 9 (T, g ), where 

— 2-gons yield maps between generators associated to the same vertex of the cube 
of resolutions, 

— 3-gons (triangles) yield maps along edges of the cube, and 

— (k + 2)-gons yield maps along fc-dimensional faces of the cube. 
Please see [55] for more details. 

The Floer-theoretic filtered chain complex described above gives rise to a spectral se- 
quence whose E 2 term is Kh(L) and whose E°° term is HF(H(S 3 , L)). □ 

In [35], L. Roberts proved a refinement of the Ozsvath-Szabo spectral sequence for links 
in the solid torus complement of a standardly-imbedded unknot 

U = (z - axis U oo) C (S 3 = R 3 U oo). 

Noting that this solid torus complement can be identified with the product sutured manifold 
A x I imbedded in S 3 as 

Ax I :={{r,6,z) \ r e [1,2], G (-*,*], z G [0,1]}, 

we reinterpreted his result in [5] using the language of sutured manifolds, as follows: 

Theorem 2.2. [35J Prop. 1.1], [5] Thm. 2.1] Let L C Ax I be a link in the product sutured 
manifold Ax I. Then there is a spectral sequence whose E 2 term is Kh*(L) and whose E°° 
term is SFH(E(A x /,!_)). 
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Here, Kh* is a version of Khovanov homology for links in thickened surfaces defined by 
Asaeda-Przytycki-Sikora in [TJ, and SFH is the version of Heegaard Floer homology for 
balanced, sutured manifolds defined by Juhasz in [T3]. The proof of Theorem 2.2 follows 
Ozsvath-Szabo's original proof closely. In fact, one sees that the chain complex comput- 
ing Kh*(L C A x I) (resp., SFH(S(A x i", L))) is really just the original chain complex 
computing the ordinary Khovanov homology of the link Kh(i- C S 3 ) (resp., a two-pointed 
version of the ordinary Floer homology of the double-branched cover, iJF(S(5 3 , L)) ® F 2 ), 
where the chain complex has been equipped with an extra Z- (resp., |Z-) grading, and 
those components of the differential that do not respect this extra grading are set to zero. 

There is a nice correspondence, detailed in Theorem |5.1| between the extra Heegaard- 
Floer ^Z-grading, which we denote by As, and the extra Khovanov Z-grading, which 
we denote by k. Furthermore, both gradings have natural interpretations, in terms of 
the geometry of vector fields on the Heegaard-Floer side (Section [3| and in terms of the 
representation theory of the quantum group J7 g (s[ 2 ) on the Khovanov side (SectionEj). This 
correspondence will be the focus of the remainder of the paper. 



3. Sutured Floer grading 

We begin by studying the ^Z-grading on the sutured Floer homology of £(j4 x /, L), as 
described in following [3"2"] . 

In particular, we build a filtered chain complex whose homology is SFH(H(AxI, L)) from 
the data of a sutured Heegaard multi-diagram for H(A x I,L) and endow each generator, 
x, of the complex with a |Z-grading, Ag(x). We furthermore describe how to understand 
this grading as an Euler number of a natural vector field associated to x. 

Recall that any sutured Floer chain complex CFH(Y, T) for a balanced sutured manifold 
(Y, r) splits according to Spin c structures. These are homology classes of non- vanishing 
vector fields on Y with prescribed boundary behavior, and they form an affine set for the 
action of Hi(Y; Z). Given a generator x of a sutured Floer complex CFH(Y, T), one assigns 
a Spin c structure to it as described in [Tjfl Defn. 4.5]. See [35], [S5J Sec. 3.2], [U Sec. 4], 
[151 Sec. 3] for more details. 

Given the data of a trivialization, t, of the restriction of a Spin c structure, s, to dY one can 
then define the first Chern class, ci(s,t) £ H 2 (Y,dY;Z), with respect to the trivialization 
( [T51 Defn. 3.7]) as a relative Euler class of s. The added data of a properly-imbedded surface 
(S,dS) C (Y, dY) then endows CFH(Y, T) with a |Z Alexanders -grading (Ag-grading) as 
described in [TUl Sec. 3], following [T4"] . 

Namely, given x G CFH(Y, V), we define: 

A s (x) :=^ Cl ( 5 (x),f),[5]). 

Furthermore, suppose that (S, OS) C (Y, dY) is geometrically disjoint from a framed link 
L C Y . Then it is proved in [TUl Sec. 3] that the entire filtered complex for SFH(Y) 
associated to a Heegaard multi-diagram for the pair (Y, L) (as described in Section 2) can 
be endowed with A^-gradings. Moreover [101 Lem. 3.12] implies that the filtered chain 
complex splits according to these gradings. 

The case of interest to us is when S C Ti(A x /, L) is the preimage of a meridional disk in 
the solid torus Ax I under the covering map n : Y,(A x I, L) — > A x I. In order to study these 
Ag-gradings most easily, we construct a particularly convenient Heegaard multi-diagram 
which yields a filtered chain complex computing SFH(£(A x I, L)): 
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Figure 2. A "standard" projection, V(V), of L to a j 



Construction 3.1. Identifying 

Axl:= {(r, 0, z) | r e [1, 2], 9 £ (-it, n},z G [0, 1]} C 
Zet 70 C A denote the arc {{r,9) £ R 2 | 6 = 4>,r £ [1)2]} for fixed <jj £ (— tt, it], 7u l! ^ 2 i C A 



denote the closed region {(r, 9) £ R 2 \ 9 £ 



£ [1,2]}, and w(L) denote the minimal 



geometric intersection number, |L rh (70 x among all elements in the isotopy class ofL. 
Choose an isotopy class representative of L satisfying: 

• V(L) is an admissible projection (diagram) of L to the annulus in the sense of [5J 
Defn. 2.10], with small neighborhoods of the crossings c±, . . . , c„ labeled N (ci) , . . . , N(c n ), 

• £/ie intersection ofV(L) with 7j_n *j *w A is "standard" (see Figure^, 

• the complete list, p, of intersection points of L with the half-level annulus 4 x {j} 
consists of 

— the w(L) points along 70 x 

— the w(L) points along 73; x {|}, and 

— the four points ('P(L) n d(N(ci))) x {4} around each crossing for each i £ 
1, . . . ,n, 

• L intersects ix in ('and only in) the regions 7j a i x [1, l] and AT(cj) x [1, l] . 

iVote £/ia£ if L is as above, then every complete resolution of the corresponding projection, 
■p(L), represents a resolved link that is a union of simple "cups" and "caps" as in [HI Sec. 
5.3]. We can therefore use the argument given in [5J Proof of Prop. 2.8] to construct a 
(not-yet-admissible) sutured Heegaard multi-diagram from which we can build the filtered 
chain complex computing SFH(H(A x /, L)). 

More precisely, recall that the set {0, 1}™ indexes all possible complete resolutions ofV(L) 
(see Section^. Let p C (A x {|}) denote the set of intersection points (described above) 

of L with Ax {5}. Then the sutured Heegaard multi-diagram is given by ^S, a, j3^ 

where f3^ y\„ represents the list of elements of the set {(3 T \ I £ {0, 1}"} and 

• £ := S (A x {|},p) (with covering projection n : X (A x |l},p) — > A), 

• a := 7T _1 (V(cups)), and 

• p x :=7:- 1 (r(caps x )). 

See Figure^ for an example. 
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Figure 3. The figure at top left is an admissible projection (diagram) of 



a link L in the special form described in Construction 3.1 The figure at 



top right shows a diagram of a particular resolution, D_x, of L, with the 
regions corresponding to portions of L in the region Ax [|, l] (the "caps") 
marked in blue, the region A x [0, |] (the "cups") marked in red, and the 
neighborhoods of the crossings indicated by circles. The pair of figures in 
the second row above represent the two sheets of the double-branched cover 
of the resolution at top right, branched along the points of intersection of 
the resolved link with i x {^} (denoted by the bold black dots). This 
figure will therefore yield a Heegaard diagram for S(A x /, Li). The dotted 
lines are branch cuts, which are identified on the two sheets in the standard 
way, as indicated by the numbers assigned to the pair of branch cuts on the 
right. The red curves are the a circles, and the blue curves are the (3 circles. 
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Figure 4. An illustration of a Heegaard diagram, S, adapted to a decom- 
posing surface, F. The diagram £ contains a distinguished subsurface, P, 
whose boundary is a disjoint union of finitely many cyclic graphs with the 
property that all vertices lie on <9£ and the edges alternate between edges 
{e^} of type "A" and edges {e^} of type "B." The "A" edges have trivial 
intersection with (3 and the "B" edges have trivial intersection with ex. The 
decomposing surface F is then the surface (with corners) given by 



F = P\J({e A } 



U(w} 



0, 



1 



Let Lx denote the complete resolution of L associated to the n-tuple X € {0, 1}". The 
construction of the sutured multi-diagram a, /3| ^S) for ~S(A x /, L) given in Con- 
struction 3.1 is tailored to have nice properties with respect to {Sx}, a particular collection 
of properly imbedded surfaces in the collection of sutured manifolds, x /, Lx)}. To 

explain what we mean, we must first recall a couple of definitions and facts. 

Recall that if F C (Y, T) is a decomposing surface [7J Defn. 3.1] in a balanced, sutured 
manifold satisfying some additional mild hypotheses, then Juhasz proves, in |15, Prop. 4.4], 
that one can construct a balanced sutured Heegaard diagram £ adapted to F ([15, Defn. 
4.3]). The key feature of such a Heegaard diagram is that "most of F sits as a subsurface 
of £ with boundary a graph having certain important properties with respect to the curves 
a,/3 C £. See Figure [4] for an illustration, and [T5J Sec. 4] for more details. 

In [TU1 Prop. 4.11], we generalized this to the case where F C (Y,T) is a decomposing 
surface (again, satisfying some additional mild hypotheses) that is geometrically disjoint 
from a framed link L C (Y,T). Letting (Lx,Li) denote the sutured manifold obtained 
by performing I-surgery along the link, we then see ((TU1 Defn. 3.10]) that F induces a 
compatible collection {F x C Y x } of decomposing surfaces in the various surgeries on L. 
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Figure 5. An illustration of the bigon D C (A x {|}) that gives rise to 
the (compatible collection of) decomposing surface(s) in a Heegaard multi- 
diagram for S(A x /, L). As before, the black dots represent intersection 
points of the (resolved) link with A x {4}, and the red (resp., blue) arcs 
are the projections of the portions of the resolution in the bottom (resp., 
top) half of Ax I. 



We can analogously construct ([TOl Prop. 4.11]) a sutured multi-diagram adapted to the 
collection {Fx C Y%\ in the sense of [TU1 Defn. 4.6]. 

In our situation, let D C (A x {|}) be the bigon (quasi-polygon) , pictured in Figure |5j 
with boundary gr aph given by the two labeled edges eA, eg- Note that, by the way we chose 
L in Construction |3 . 1 1 only intersects the portion of V(L) projecting from Lf](Ax [0, |] ) 
and es only intersects the portion of V(L) projecting from Lfl(4x [~, l] ). We now define 
the following piecewise smooth imbedded surface: 



D' := DU 



e A x 



U \e B x 



0, 



cAx I. 



Letting 

• q denote the collection of intersection points q = (L n D) of the special isotopy class 
representative L with Dc4x{^} (which, by construction, occur along 70 x {5}), 

• and eA,eB denote the lifts of eA^&B to S(Z?,p), 

we see that D' lifts, in the double-branched cover H(A x I,L), to a piecewise smooth 
surface, 

5' :=-£{D,q)u(e A 

In addition, the framed link L$_ C S(Ax/, L) obtained as the lift of simple arcs associated 
to each of the crossings of V(L) (as described in Section[2]) is geometrically disjoint from 5". 
Hence we have a compatible collection {Sj C S(i x J, H-x)} of surfaces associated to each 
choice 1 £ {0, 1}™ of surgery on L[_. Furthermore, each S x is isotopic to the preimage, in 
S(y4 x /, Li), of the meridional disk 70 x / C A x I. We see immediately: 





'1 




1" 




X 


2' 1 . 


) U (e B x 




) 
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Lemma 3.2. Let L d Ax I be a link. A Heegaard multi-diagram \ a, /3{ iy„ J associated 
to S(Ax/, L) via Construction 3.1 with the additional data of the subsurface P = H(D,q) C 



£ described above is a surface multi-diagram adapted to the collection S' x C Ti{A x /, Lx). 

Proof. This is essentially by definition; see [TUl Defn. 4.6]. Note that the boundary of 
H(D,q) decomposes as a union of edges ex and Hb- Since (downstairs in D) ca only 
intersects the portions of the projection V(L) coming from L(l(Ax [0, |1) and only 
intersects the portions of V(L) coming from Lfl(Ax [|, l] ), the lifts, e^, eg will satisfy the 
necessary condition 

e A n /3 X = 0, e B n a = 

for all X e {0, 1}™. 

Any isotopies needed to make (£, a,/3{ ^j,,^ admissible (see [U Lem. 3.13]) can be 
chosen with support away from S(-D, q). □ 

Since the Heegaard multi-diagram (y*, a, f3^ ^r^j is adapted to the collection S^, it is 

easy to compute the |Z- Alexander grading associated to any generator of the filtered chain 
complex for an appropriate trivialization, t. Namely, a typo-free version of the formula given 
in the proof of [TU Thm. 2.20] (see also HUH!]), adjusted to our situation (our decomposing 
surface intersects the sutures in 4 points, not 2) tells us that, for some trivialization, t, 

A S (x) = i ( X (S) -2 + 2- #{ Xi G x | Xi e P}) . 

Noting that x(S) = x(^{D, q)) = 2 — \q\ by the Riemann-Hurwitz formula, we obtain: 

As(x) = -i(|5l)+#{a; 1 ex|a: i eP}. 

Since € x | Xi <E P} £ {0, . . . , \q\}, we see that the Alexander gradings of generators 

range from — (when there are no intersection points in P) to |(|g|) (when there are 

the maximal number of intersection points in P) . 

In summary, the |Z grading, Ag(x), assigned to a generator, x, is the Euler number of a 
vector field on S(i x /, Lx) naturally defined using the data of x. Furthermore, this Euler 
number can be computed explicitly by counting the number of intersection points of x that 
lie in the region, P C S, corresponding to the family of decomposing surfaces, {Si}. 

4. Khovanov grading 

4.1. Khovanov homology for links in thickened annuli. As before, let L c Ax I c S 3 
be a link in the product sutured manifold A x I, where A x I has been imbedded in S 3 



via the imbedding described before Theorem 2.2 and let V(L) C A C R be a diagram for 



L with n crossings. We similarly study a Z-grading on the Khovanov homology of L, as 
described in pQ (see also [35], [!])• 

If we forget about the imbedding L C Ax I and view L as a link in S 3 , we can define its 
ordinary (nonreduced) Khovanov homology in a manner very similar to the definition of the 
reduced Khovanov homology summarized during the proof of Theorem |2.1| In particular, the 
Khovanov homology of L is defined by associating to each complete resolution Lx a graded 
vector space ]/® c , where c is the number of components in Lx, and V is a two-dimensional 
graded vector space spanned by two homogeneous elements v_ and u + of degrees —1 and 
+1, respectively. In fact, it is understood implicitly that we have chosen a numbering of the 
components of Lx from 1 to c, so that the ith tensor factor of V® c corresponds naturally to 
the ith component of Lx. 
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Let Lx be a complete resolution of L with components K\, . . . , K c as above. If we now 
remember the extra data of the imbedding L C A x / c S 3 (correspondingly, P(L) C i C 
R 2 ), we can endow the vector space V® c associated to Lx with an additional grading, called 
the k— grading. Namely, we define the k— degree of a basis vector v ei ® . . . ® v £c £ V® c , for 
Ei £ {+, -}, by k(v ei <g> . . . ® v tm ) := ki(v tl ) + . . . + k m (v £m ), where 

fo if [V(K i )]=0€H 1 (A;Z), 
AV±h |±1 if[7?(Xi)]^0€ffi(A;Z). 

It turns out that the differential in Khovanov's chain complex does not preserve the 
k— grading; however, it is non-increasing in the fc-grading, which induces a filtration on 
Khovanov's chain complex. By forming the associated graded chain complex and taking its 
homology, one obtains an abelian group Kh*(L). This group is (up to an overall grading 
shift) the version of Khovanov homology for links in Ax J that was introduced by Asaeda- 
Przytycki-Sikora pQ. Kh*(L) is equipped with three gradings: two gradings coming from 
the ordinary bigrading on Khovanov's chain complex (in |17j . these gradings were denoted 
by i and j), and the k— grading. 

The graded Euler characteristic of Kh* (L) is the Laurent polynomial 

X q AKh*(L)):=J2(-^ l q J t k dim F (Kh*(LY^ k ) £ Z^ 1 ,^ 1 ], 

where K h* (L) IJ ' fe denotes the homogeneous component of Kh*(L) for the degrees (i, j, k). 
We will henceforth abbreviate SJ(L) :— Xq,t{Kh*(L)). Note that SJ(L) specializes to 
the Jones polynomial J(L) if one sets t equal to 1. If Lx is a complete resolution with c 
components, then S'J(Lx) is given by 

(1) SJ(Lx) := Xq AV® c ) = (q + q- 1 ) 11 Z c ~ u , 

where z := qt + (qt)^ 1 , and u is the number of components of Lx that are nullhomologous in 
Ax I. In particular, since S J(L) is a linear combination of the S J(Lx) with coefficients in 
Z[g ±1 ] x , this shows that SJ(L) is actually contained in the subring Z[g ±1 ][z] c Z[g ,i ±:L ]. 
In Subsection |4.6| we will discuss how this subring is related to the Kauffman bracket skein 
module of A x /. 

4.2. Enhanced resolutions. Let L be a link in A x J with diagram 'P(L), as before. An 
enhanced resolution of 'P(L) is an oriented 1— manifold, S C A, whose underlying unoriented 
1— manifold coincides with the projection, 'P(Lx), of a complete resolution of L. (In [36) . 
the term "enhanced Kauffman state" was used with a similar meaning). 

To obtain a more geometric interpretation of the k— grading, we will now reinterpret 
the generators of Kh*(L) in terms of enhanced resolutions. Namely, if V® c denotes the 
vector space associated to a complete resolution Lx, then we will identify the basis vector 
v ei . . . ® v €c £ V® c (ei £ {+, — }) with the enhanced resolution S C A which is obtained by 
orienting the ith component of T-'(Lx) cicR 2 clockwise if Q = — , and counterclockwise 
if e t = +. 

Using this correspondence between basis vectors and enhanced resolutions, we can now 
express the A:— grading as an algebraic intersection number 

k(v ei ®...®V ec ) = [70] • [S], 



where S is the enhanced resolution corresponding to the basis vector v ei ® . . . ® v Cc , and 
7o C A denotes the arc introduced in Construction 3.1 oriented outward (in the direction 
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of increasing r). Moreover, Formula |lj can be rewritten as 
(2) SJ(L T )= ^' (S) i fe(S) , 

SGB(Lx) 

where k(S) := [70] • [S], and j(S) denotes the difference between the number of counterclock- 
wise and clockwise circles in S, and E(Lx) denotes the set of all enhanced resolutions of L 
whose underlying unoriented 1— manifold is equal to V(i-x). By summing over all complete 
resolutions Lx, one then obtains a formula expressing SJ(L) as a sum over all enhanced 
resolutions of L. 

4.3. Reshetikhin-Turaev invariant. As mentioned in the introduction, the integer k— grading 
defined above has a natural representation-theoretic interpretation in terms of weight space 
decompositions for the Reshetikhin-Turaev invariant. 

Again, let L C A x / C S 3 be a link and V(L) a diagram of L. In the following, we 
will assume that the intersection of V(L) with 7[_n si C A is "standard", in the sense of 
Construction 13.11 

Let T' be the tangle in D 2 x / obtained by removing the neighborhood of a meridional 
disk in the solid torus A x I: 



J' 



L\( 7( _ fif) x[0,l]) c(Ax/)\( 7( _ 5if) x[0,l]) 



For convenience, we now change the angular (9) coordinate on (Ax I) \ (^7(_s s) x [0, 1] 
so that it is continuous on this region, by letting 

7T-0 if 9e [f,7r], and 
-TT-0 if 9 £ (-7r,-f]. 

This allows us to easily identify V with a tangle T C [1, 2] x [=f^, *f \ x [0, 1] C R 3 by 
sending a point 

(r,^)6(lx/)\( 7( _„) x[0,l]) 

to the point (r, 1?, z) G [1, 2] x f- 3 ^, ^f] x [0, 1]. If the "standard" intersection of L with the 
region 7(_s s.\ x [0j 1] consists of m arcs, then T has m top endpoints (with i?— coordinate 

equal to 3 f-) and m bottom endpoints (with z9— coordinate equal to —^f )- 

To T, the Reshetikhin-Turaev construction [3T] for the quantum group UJSI2) associates 
a linear map 

J(T) : Vf m — > Vf m 

which intertwines the quantum group action. Here, V\ is the two-dimensional fundamen- 
tal representation of U q (sl 2 ), with underlying vector space Vj_ := C(q)Vi ® C(q)v_i. The 
generators E, F, K of f/^sta) act by 

Kv\ = qvi , Kv^i — q^ 1 V-i , Ev\ — Fv^i — , Ev-i = v\ , Fv\ = V-i . 

Note that when m = (i.e., if T is a link), J (J) is given by scalar multiplication by the 
Jones polynomial J(L). In general, J(T) can be described by a state sum formula, as we 
will now explain. See |16j for a reference. 

As before, an enhanced resolution of T is an oriented 1— manifold S C [1, 2] x [— 
whose underlying unoriented 1— manifold is the projection of a resolution Jx- Given an 
enhanced resolution S of T, we can associate two sequences of up and down arrows: the 
bottom sequence 6(S) € {t;l}"\ obtained by reading off the local orientations of the arc 
components of S near the m bottom endpoints; and the top sequence i(S) G {t>l}"\ 
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obtained by reading off the local orientations of the arc components of S near the m top 
endpoints. 

Each sequence a e {t, I}'™ determines a standard basis vector in V® m , namely the vector 
obtained by replacing each f by v\ G V\, and each 1 by V-\ € V±. For example, the sequence 
a = (ttltl) G {ti I} 5 corresponds to the standard basis vector 

v a := vi <g> ui ® w_i ® wi ® u_i € V^ 5 . 

The matrix entry J(Ti) a ^ b := <(J(T)(w b )) of the linear map J(T X ) : Vf m ->• Vf TO can 
now be defined explicitly by 

(3) J(T z )a, b := £ ^' (S) , 

SG-E(Tx) 
6(S)=b,t(S)=a 

where B(Tx) is the set of all enhanced resolutions of T whose underlying unoriented 1— manifold 
is equal to V(Jx), and j(S) is defined as follows. Let G s : S — > S 1 be the Gauss map which 
sends a point p 6 S C [1, 2] X [— 2p ^1 to the positive unit tangent vector of S at p. If wc 
assume that S is vertical near its endpoints, then the image of the fundamental class of S 
defines a relative homology class Gf [S] € Hi(S 1 , {±i}), where i = <G S 1 . Now j(S) is 
the algebraic intersection number j(S) := [{1}] • [S]. 

4.4. Weight spaces. As a vector space, V® m decomposes into weight spaces, i.e. into 
eigenspaces for the action of K G Uq{&\%): 

V 1 ® m = 0Ff m [m-2n] 

n=0 

Here, V]® m [A] is the eigenspace for the eigenvalue q x for the if-action, and the generators E 
and F act by maps E x : Vf m [\] -> V? m [A+2] and F A : Vf m [A] -> Vf m [A-2], respectively. 

Since if acts on tensor products by if (v ® w) := (Kv) ® (Kw), and since V\ and u_i 
are eigenvectors for the if- action with eigenvalues q \ each standard basis vector v a for 
a e {t;!}™: is an eigenvector for the if-action with 

Kv a = q k ^v a , 

where 

fc(a) = #(up arrows in a) — #(down arrows a) . 

Thus, the weight space V® m [A] is the span of all v a with A; (a) = A. For the following discus- 
sion, it will be useful to observe that fc(a) can be identified with the algebraic intersection 
number A: (a) = [£] ■ [a], where here the arrows in a are viewed as upward and downward 
oriented vertical lines, and I is a horizontal line, oriented to the right, and intersecting each 
of the arrows in a in a single point. 

4.5. SJ(L) and quantum trace. If S is an enhanced resolution of T with t(S) = a and 
6(S) = b for a, b € {f, |}"\ then fc(a) = [t] ■ [a] = [ 1(j> ] ■ [S] = [I] ■ [b] = fc(b), where 1<j} is the 
rightward-oriented horizontal line 7^ := [1,2] x {</>} for arbitrary <f> £ [ — x> Tr Hence it 
follows that J (J) : V® m — > V® m preserves the weight space decomposition. (Alternatively, 
this follows from the fact that J (J) intertwines the quantum group action). 

Recalling that [7^] ■ [S] = k(S) (where fc(S) is the A— degree defined immediately after 
equation ([2])), we see that the restriction of J (J) to the weight space V® m [k] is given by 
summing over enhanced resolutions with fc(S) = fc. 
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Now note that every enhanced resolution of T which satisfies t(S) = b(S) can be lifted to 
an enhanced resolution of L. Hence we have a bijection 

E(L) £h {Se£(T): t(S) = b(S)} . 

where E(L) (resp., E(J)) denotes the set of all enhanced resolutions of L (resp., T). 

It is fairly straightforward to check that j(S') = j(S) + k whenever S' is an enhanced 
resolution of L corresponding via the above bijection to an enhanced resolution S of T with 
t(S) = b(S) and k(S) = k. Hence 

sj(l x )= i 3iS ' )tHS,) = E(^) fe E ^' (s) > 

S'GB(Li) k SG-E(Tx) 

t(S)=b(S).k(S) = k 

and thus we obtain 

SJ(L)=Y,(qt) k E ^(Ti)a,a = ^(gt) fc tr(J(T)| yi8m[fe] ). 

k aG {^} m k 

k(a)=k 

where tr(— ) stands for the ordinary trace for C((7)-linear endomorphisms. Setting t equal 
to 1, we recover the well-known fact that the Jones polynomial of L can be expressed 
as the quantum trace tr 9 (J(T)), defined via the action of the generator K on y® m by 
tr g (J(T)) :=tr(ifo J(T)): 

J(L) = Y, I* te(J(V\v®™[k]) = ^( J(T)) ■ 

k 

4.6. Skein module interpretation of SJ(L). Let a be a formal variable satisfying q ~ 
—a~ 2 , and let L/ denote the framed link LjCixJ obtained by equipping the (oriented) 
link LcAx / with the framing induced by a compact oriented surface F C Ax [0,1] with 
L C dF and dF \ Lc (dA) x [0, 1]. 

Recall that the Kauffman bracket skein module of A x / is defined as the quotient 

K a (AxI) :=M/R, 

where M is the free Z[a ±1 ]-module generated by all isotopy classes of framed links in Ax I, 
and R is the submodulc of M generated by all Kauffman bracket skein relations (cf. |30j . 
|34j ) . Now it follows essentially from the definitions that SJ(L) is equal to the element 

where Lp is the isomorphism 

<p: Z[a ±x ][2;] K a (A x [0, 1]) 

given by sending z n to a collection of n disjoint homologically nontrivial imbedded circles 
in A x {1/2}, equipped with the framing induced by the surface A x {1/2}. 

5. The Relationship between the Khovanov and Sutured Floer Gradings 

We have seen that if L C A x I is a link in the thickened annulus and V(L) C A is 
a diagram for L that has been placed in a "standard" form via Construction |3.1[ we can 
construct from the data of V{V) either: 

(1) a filtered sutured Floer chain complex for H(A x I,L), as described in Sections [2] 
and[3j or 

(2) a Khovanov chain complex for L, the mirror of L, as described in Section El 
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Furthermore, there is a bijection between the generators of the two chain complexes ([26, 
Prop. 6.2], [SI Prop. 2.28]). Each generator can therefore be assigned either: 

(1) a geometric |Z sutured Floer grading, called the A s grading, or 

(2) a representation-theoretic Z Khovanov grading, called the fc -grading. 

We now show that these two gradings are closely related. Namely: 
Theorem 5.1. Let L C Ax I be a link in the product sutured manifold A x J, L its mirror, 



andV(L) (resp., V(L)) a diagram for L (resp., L) produced by Construction 3.1 Then if x 
is a generator of the associated (filtered) chain complex, we have: 

fc(x) = -2A s (x). 

Proof. We begin by noting that the generators of both the Khovanov and sutured Floer 
complex are in one-to-one correspondence with enhanced Kauffman states. On the Khovanov 
side, this correspondence is explained in Section [4] 

On the sutured Floer side, recall that we have one generator for each d-tuple of in- 
tersection points between a and (3 X , for each I £ {0, l} e . Furthermore, each connected 
component of the diagram, 'P(Lx), of a resolution gives rise to a cyclic alternating chain of 
a and f3 circles in the Heegaard diagram for S(A x /, Lx), each intersecting the next in a 
single point. Hence, once a single intersection point in a chain is chosen, the other inter- 
section points on that chain are completely determined by the requirement that a d-tuple 
of intersection points yielding a Heegaard Floer generator must occupy each a circle (resp., 
each /3 circle) exactly once. There are then two choices associated to each such cyclic chain, 
corresponding to the two choices of orientation for that connected component in the relevant 
enhanced Kauffman state. 

Now let S be an enhanced Kauffman state for V(L) (resp., "P(L)) and a £ {t,l} m the 
associated sequence of f's and |'s seen along j , oriented outward. Section [4] tells us that 

fc(S) = #(t) - #(!)■ 

Now recall that w(L) = \q\ denotes the number of arcs of P(L) in the standard region 
7[_s s; ] C A. On the sutured Floer side, we have |g| distinguished intersection points in the 
special subsurface, P, lying along the preimage of 70 in E. Furthermore, the correspondence 
between enhanced Kauffman states and generators of the sutured Floer chain complex guar- 
antees that an intersection point is occupied (resp., unoccupied) iff the corresponding arrow 
for the enhanced Kauffman state at that position is ! (resp., f)- Hence, the end of Section 
[3] tells us that 

As(S) = -i(|g1) + #(±) 

= ^(-#(t) + #U)) 
= -i(*(s)), 

since \q\ = #(t) + #(■!)• We then see that the unique generator x associated to S satisfies 



fc(x) = -2A s (x), 

as desired. □ 



16 j. elisenda grigsby and stephan m. wehrli 

References 

[1] Marta M. Asaeda, Jozef H. Przytycki, and Adam S. Sikora. Categorification of the Kauffman bracket 
skein module of /-bundles over surfaces. Algebr. Geom. Topol., 4:1177-1210 (electronic), 2004. 

[2] John Baldwin. On the spectral sequence from Khovanov homology to Heegaard Floer homology. 
math.GT/0809.3293, 2008. 

[3] John A. Baldwin and Olga Plamcncvskaya. Khovanov homology, open books, and tight contact struc- 
tures. Adv. Math., 224(6):2544-2582, 2010. 

[4] Dror Bar-Natan. On Khovanov's categorification of the Jones polynomial. Algebr. Geom. Topol, 2:337- 
370 (electronic), 2002. 

[5] Jonathan M. Bloom. A link surgery spectral sequence in monopole Floer homology, math. GT/0909. 0816, 
2009. 

[6] Jonathan M. Bloom. Odd Khovanov homology is mutation invariant, math. GT/0903. 3746, 2009. 

[7] David Gabai. Foliations and the topology of 3-manifolds. J. Differential Geom., 18(3):445-503, 1983. 

[8] J. Elisenda Grigsby and Stephan M. Wehrli. Khovanov homology, sutured Floer homology, and annular 

links. math.GT/0907.4375, 2009. 
[9] J. Elisenda Grigsby and Stephan M. Wehrli. On the colored Jones polynomial, sutured Floer homology, 

and knot Floer homology. Adv. Math., 223(6):2114-2165, 2010. 
[10] J. Elisenda Grigsby and Stephan M. Wehrli. On the naturality of the spectral sequence from Khovanov 

homology to Heegaard Floer homology. Int. Math. Res. Notices, 2010. 
[11] Matthew Hcddcn. Khovanov homology of the 2-cable detects the unknot. Math. Res. Lett., 16(6) :991- 

994, 2009. 

[12] Matthew Hcddcn, Andras Juhasz , and Sucharit Sarkar. On sutured floer homology and the equivalence 

of scifcrt surfaces. math.GT/0811.0178, 2008. 
[13] Matthew Hcddcn and Liam Watson. Docs Khovanov homology detect the unknot? math. GT/0805. 4423, 

2008. 

[14] Andras Juhasz. Holomorphic discs and sutured manifolds. Algebr. Geom. Topol., 6:1429—1457 (elec- 
tronic), 2006. 

[15] Andras Juhasz. Floer homology and surface decompositions. Geom. Topol., 12(l):299-350, 2008. 
[16] Mikhail Khovanov. Graphical calculus, canonical bases, and Kazhdan-Lusztig theory. PhD thesis, Yale 
University, 1997. 

[17] Mikhail Khovanov. A categorification of the Jones polynomial. Duke Math. J., 101(3):359-426, 2000. 
[18] Mikhail Khovanov. Patterns in knot cohomology. I. Experiment. Math., 12(3):365-374, 2003. 
[19] Mikhail Khovanov. Categorifications of the colored Jones polynomial. J. Knot Theory Ramifications, 
14(1):111-130, 2005. 

[20] P.B. Kronheimer and T.S. Mrowka. Khovanov homology is an unknot-detector. math. GT/1005. 4346, 
2010. 

[21] Peter Ozsvath , Jacob Rasmusscn, and Zoltan Szabo . Odd Khovanov homology, math. GT/0710. 4300, 
2007. 

[22] Peter Ozsvath and Zoltan Szabo. Holomorphic disks and knot invariants. Adv. Math., 186(1):58-116, 
2004. 

[23] Peter Ozsvath and Zoltan Szabo. Holomorphic disks and three-manifold invariants: properties and 
applications. Ann. of Math. (2), 159(3):1159-1245, 2004. 

[24] Peter Ozsvath and Zoltan Szabo. Holomorphic disks and topological invariants for closed three- 
manifolds. Ann. of Math. (2), 159(3):1027-1158, 2004. 

[25] Peter Ozsvath and Zoltan Szabo. Holomorphic disks and link invariants. math.GT/0512286, 2005. 

[26] Peter Ozsvath and Zoltan Szabo. On the Heegaard Floer homology of branched double-covers. Adv. 
Math., 194(l):l-33, 2005. 

[27] Peter Ozsvath and Zoltan Szabo. Holomorphic triangles and invariants for smooth four-manifolds. Adv. 

Math., 202(2):326-400, 2006. 
[28] Olga Plamcncvskaya. Transverse knots and Khovanov homology. Math. Res. Lett., 13(4):571— 586, 2006. 
[29] Olga Plamcncvskaya. Transverse knots, branched double covers and Heegaard Floer contact invariants. 

J. Symplectic Geom., 4(2):149-170, 2006. 
[30] Jozef H. Przytycki. Skein modules of 3-manifolds. Bull. Ac. Pol.: Math., 39:91-100, 1991. 
[31] Nicolai Yu. Reshetikhin and Vladimir Turaev. Ribbon graphs and their invariants derived from quantum 

groups. Comm. Math. Phys., 127(l):l-26, 1990. 
[32] Lawrence P. Roberts. On knot Floer homology in double branched covers, math. GT/0706. 0741, 2007. 



GRADINGS 



17 



[33] Lawrence P. Roberts. Notes on the Heegaard-Floer link surgery spectral sequence, math. GT/0808. 2817, 
2008. 

[34] Vladimir Turaev. The Conway and Kauffman modules of the solid torus. Zap. Nauchn. Sem. Lomi, 
167:79-89, 1988. 

[35] Vladimir Turaev. Torsion invariants of Spin c -structures on 3-manifolds. Math. Res. Lett., 4(5):679-695, 
1997. 

[36] Oleg Viro. Remarks on definition of Khovanov homology. math.GT/0202199, 2002. 
[37] Liam Watson. Surgery obstructions from Khovanov homology. math.GT/0807.1341, 2008. 
[38] Liam Watson. A remark on Khovanov homology and two-fold branched covers. Pacific J. Math., 
245(2) :373-380, 2010. 

Boston College; Department of Mathematics; 301 Carney Hall; Chestnut Hill, MA 02467 
E-mail address: grigsbyjObc.edu 

Syracuse University; Mathematics Department; 215 Carnegie; Syracuse, NY 13244 
E-mail address: smwehrliOsyr.edu 



